Abstract We review the role of Gibbons-Tsarev-type systems in classification of integrable multi-dimensional hydrodynamic-type systems. Our main observation is an universality of Gibbons-Tsarev-type systems. We also constract explicitly a wide class of 3-dimensional hydrodynamic-type systems corresponding to the simplest possible Gibbons-Tsarev-type system.
Introduction
Integrable equations play important role in both Mathematics and Physics. Unfortunately, rigorous and universal definition of integrability applicable in all situations does not exist. Different viewpoints on the integrability can be found in [1, 2] . It is well known that integrable 2-dimensional PDEs u t = F (u, u x , ..., u nx ) ( is called an ODE-reduction of (1.1) if there exists a function U(r 1 , ..., r N ) such that u = U(r 1 (x, t), ..., r N (x, t)) satisfies (1.1) for any solution r 1 (x, t), ..., r N (x, t) of (1.2). It is clear that the solution u depends on N arbitrary parameters being initial values for (1.2) at generic point. The existence of special ODE-reductions for arbitrary N can be chosen as a criterion of integrability for equation (1.1) . For example, one can assume that (1.1) admits a series of differential ODE-constraints u m,x = G m (u, u x , ..., u m−1,x ), where m is arbitrary. Clearly, equation (1.1) and the ODE-constraint can be rewritten as a pair of compatible dynamical systems with respect to x and t. Another example of ODE-reductions is provided by Dubrovin's equations [3] . However, in the 2-dimensional case there exist more efficient and constructive integrability criteria, like the existence of higher local symmetries or conservation laws (see [4] and references therein).
If the number d of independent variables is greater then 2, then higher local symmetries for integrable models do not exist (for some generalization of the symmetry approach to the case of non-local symmetries see [5] ). In such a situation the existence of N-component reductions can be regarded as one of the most powerful methods of searching for new integrable models. Notice that one has to consider for the reductions some compatible systems of PDEs of dimension ≤ d − 1 instead of ODEs (1.2).
In [6] this approach has been systematically applied to some classes of 3-dimensional systems of the form where u = (u 1 , . . . , u n ), and k ≥ 0. Pairs of compatible diagonal semi-Hamiltonian (see formula (2.12)) hydrodynamic-type systems of the form
have been taken for reductions. According to definition of reductions, the corresponding solutions of (1.3) are determined by some functions U i (r 1 , ..., r N ), i = 1, ..., n converting any solution of (1.4) to a solution of (1.3). In hydrodynamics such solutions describe nonlinear interaction of N planar waves. Sometimes they are called N-phase solutions.
Clearly, the general solution of (1.4) contains N arbitrary functions of one variable. It turns out that functions v i , w i in the reduction (1.4) may contain additional functions of one variables as functional parameters and the number of these functions is not greater then N. In [6] the existence of hydrodynamic reductions (1.4) locally parameterized by N functions of one variables, where N is arbitrary, was proposed as a criterion of integrability for systems (1.3). The corresponding N-phase solutions depend on 2N arbitrary functions of one variables.
Usually the integrability of systems (1.3) is associated with a representation of (1.3) as commutativity conditions for a pair of vector fields [7] . For systems that admit the pseudopotential representation [8, 9, 10, 11] these vector fields are Hamiltonian whereas for some integrable models the vector fields have more complicated structure. Moreover, for some systems the vector fields depend on a spectral parameter. Thus it is very difficult to choose any constructive class of the vector fields covering all known examples and to propose an universal definition of integrability based on the commutativity of vector fields. The same problems arise with definitions of integrability given in terms of dispersionless Lax or zero-curvature representations.
Quite the contrary, the hydrodynamic reduction approach is universal. This means that all integrable models known by now admit the hydrodynamic reductions. All notions of this approach can be rigorously defined (see Section 2) . It was demonstrated in [6] that the existence of hydrodynamic reductions can be algorithmically verified for a given system (1.3) and what is more can be efficiently used for classification of integrable cases.
Families of systems (1.4) parameterized by N functions of one variables can be described in terms of the so-called systems of Gibbons-Tsarev type (GT-type systems). The GT-type systems play a crucial role in the approach to integrability based on the hydrodynamic reductions.
Definition. A compatible system of PDEs of the form
is called n-fields GT-type system. Here p 1 , ..., p N , u 1 , ..., u n are functions of r 1 , ..., r N , N ≥ 3 and
. Notice that the compatibility conditions give rise to a system of functional equations for the functions f, g k , h and these equations don't depend on N.
Example 1 [10] . The system
is an n-field GT-type system for any n, N.
The original Gibbons-Tsarev system [12] is a degeneration of (1.6), (1.7). A wide class of integrable systems (1.3) related to (1.6), (1.7) is described in [10] . An elliptic version of this GT-type system and the corresponding integrable 3-dimensional systems were proposed in [11] .
Definition. Two GT-type systems are called equivalent if they are related by a transformation of the form
Remark 1. Our Definitions and formulas (1.5), (1.8), (1.8) admit a coordinates-free interpretation. Let M be a bundle with one-dimensional fiber E and n-dimensional base F . Then each of p i is a coordinate on E and u 1 , ..., u n are some coordinates on F . Thus we obtain a notion of a GT-type structure on M. It is likely that there exists a canonical GT-type structure on the natural bundle over the moduli space M g of genus g algebraic curves. Here E is a curve corresponding to a point in M g . We will not use coordinates-free language in this paper.
For generic GT-type systems the functions f, h have a pole at p i = p j . However, there exist GT-type systems holomorphic at p i = p j .
Example 2. The system
is an n-field GT-type system for any n, N and any functions g m (x). Notice that only special choice of the functions g m (x) gives rise to pairs of compatible semi-Hamiltonian systems (1.4).
In this paper we study systems (1.3) related to GT-type systems of the form (1.10). The main motivation is the following observation. We examined the 3-dimensional travel wave reductions for known examples of integrable d-dimensional systems with d > 3 and found that the GT-type systems corresponding to these reductions are equivalent to (1.10) with rational functions g k . We believe that this observation gives us an algorithm for constructing of new interesting examples of integrable multi-dimensional systems.
The paper is organized as follows. In Section 2.1 following [6] , we describe the hydrodynamic reduction method and show that any integrable system (1.3) is related to a GT-type system. Section 2.2 is devoted to the return way from GT-type systems to integrable 3-dimensional systems. Moreover, we present all known to us GT-type systems and give a new interpretation of results obtained in [10, 11] .
In Section 3 we consider GT-type systems (1.10) with rational functions g m (x). Using an algorithm described in Section 2.2, we construct the corresponding families of compatible pairs of hydrodynamic-type 2-dimensional systems, and finally 3-dimensional systems of the form (1.3) with arbitrary n, k, whose hydrodynamic reductions are given by our 2-dimensional systems. It turns out that all these 3-dimensional systems possess pseudopotential representations with a spectral parameter. In the generic case, the coefficients of the 3-dimensional systems are expressed in terms of exponents of u i . Degenerations considered in subsection 3.2 involves polynomials in addition to the exponents. In the case of small n and k some of our systems are equivalent to known dispersionless equations of second order. In particular, the generic system corresponding to n = 3, k = 1 is equivalent to the dispersionless Hirota equation
2 The GT-type systems and integrability
The method of hydrodynamic reductions
Recall the definitions of the hydrodynamic reduction method and the corresponding criteria of integrability for 3-dimensional hydrodynamic-type systems [6] .
Definition. An (1+1)-dimensional hydrodynamic-type system of the form
is called semi-Hamiltonian if the following relation holds
Semi-Hamiltonian systems have infinitely many symmetries and conservation laws of hydrodynamic type [14] .
Definition. A hydrodynamic reduction of a system (1.3) is defined by a pair of compatible semi-Hamiltonian hydrodynamic-type systems 13) and by functions u 1 (r 1 , ..., r N ), ..., u n (r 1 , ..., r N ) such that for each solution of (2.13) the functions
satisfy (1.3).
According to [6] a system (1.3) is called integrable if it possesses as many hydrodynamic reductions as possible. Namely, substituting (2.14) into (1.3), eliminating t-and y-derivatives via (2.13), and equating coefficients at r l x to zero, we obtain
For each fixed l this is a linear overdetermined system for n unknowns ∂ l u 1 , ..., ∂ l u n , whose coefficients do not depend on l. This linear system must have non-zero solution so all its n × n minors must be equal to zero. These minors are polynomials in λ l , µ l independent on l. We assume that this system of polynomial equations is equivalent to one equation
(otherwise λ l , µ l are fixed and we have not sufficiently many reductions). Equation (2.16) defines the so-called dispersion algebraic curve. Let p be a coordinate on this curve. Then (2.16) is equivalent to equations
for some functions F, G. Assume that for generic p l the linear system (2.15) has one solution up to proportionality. Solving this system, we obtain
for some functions g m . Rewrite (2.13) in the form
It is easy to see that the compatibility conditions for (2.18) have the form
Here we omit arguments u 1 , ..., u n in F, G. From (2.19) we can find ∂ i p j in the form
Finally, the compatibility conditions
Collecting equations (2.15), (2.20), (2.21) together, we obtain a system of the form (1.5). Since we want to have as many reductions as possible, we assume that this system is in involution (i.e. fully compatible). In this case the family of hydrodynamic reductions (2.18) locally depends on N functions in one variable.
From GT-type systems to integrable models
In the classification works [6] the authors start from a class of systems (1.3) with fixed small n and k, calculate the corresponding GT-type system and derive integrability conditions for (1.3) from the compatibility conditions for the GT-type system.
In this section we trace the return way and show how to construct wide classes of integrable systems (1.3) with arbitrary n and k starting from a given GT-type system. We also describe our previous results [10, 11] from this point of view.
A list of known one-field GT-type systems is given by the following examples.
is an one-field GT-type system.
Using transformations of the form
one can put the polynomial P to one of the canonical forms:
Note that in the case P (x) = x(x − 1) we return to the Example 1 with n = 1.
where α, β = 1, ..., N, α = β, is an one-field GT-type system.
It turns out that if we add the following equations :
to any one-field GT-type system
then the system of PDEs thus obtained is in involution. One can obtain n-fields GT-type system for any n in this way. We call this procedure regular extension. For example, in the case of Example 4 the regular extension is given by
The Example 1 is a regular extension of Example 3 with P (x) = x(x − 1). As far as we know, the regular extensions of Examples 3, 4 are the only GT-type systems appeared in the literature. In this paper we investigate the simplest possible GT-type system from Example 2 and obtain the corresponding systems of the type (1.3) which are probably new.
A basic object associated with a given GT-type system is a pair of compatible (1+1)-dimensional hydrodynamic-type systems of the form (2.18). One should solve the functional equation (2.19) in order to find all possible functions F, G. Notice that the derivatives in (2.19) are supposed to be calculated by virtue of the GT-type system.
The existence of non-constant solutions F, G for the functional equation (2.19) is an additional condition, which we impose on the GT-type system. For instance, in the case of Example 2 the solutions exist not for any functions g m .
The following statement can be proved straightforwardly. Proposition 1. Any one-field GT-type system having a non-constant solution of the form F (p, u), G(p, u) for the functional equation (2.19) is equivalent to one described in Example 3.
In [10] we found the following solutions F, G for the n-field GT-type system in Example 1: Proposition 2. Fix s 1 , ..., s n+2 ∈ C. Consider the following compatible overdetermined system of linear PDEs:
and
It is easy to show that the vector space H of all solutions is n + 1-dimensional. For any h ∈ H we put
Clearly, S is a polynomial of degree n in p.
Let h 1 , h 2 , h 3 be linearly independent elements of H. Then
satisfy the functional equation (2.19) for reductions.
In the case when the degree of S is less then n the solutions are given by more complicated determinant formulas (see [10] ).
For the regular extensions of the Example 4 solutions of the functional equation (2.19 ) are given by the same formula (2.22), where
Here η = s 1 u 1 +...+s n u n +rτ +η 0 , where s 1 , ..., s n , r, η 0 are arbitrary constants and h(u 1 , ..., u n , τ ) is a solution of the following elliptic hypergeometric system:
Given a GT-type system and a solution F, G of the functional equation (2.19) for reduction, one can easily construct an integrable system of the form (1.3). Integer k is called the defect of the system. Lemma 1. Consider the linear space V of functions in p spanned by
Here by definition g 1 = 1. Then the system of the form (1.3) with reductions (2.18) consists of l equations iff V is (3n − l)-dimensional. Moreover, the coefficients of (1.3) are defined by relations:
An explicit form of integrable systems (1.3) corresponding to Examples 3, 4 can be found in [10, 11] .
Weakly nonlinear 3-dimensional systems
For generic GT-type systems the functions f, h have poles at p i = p j . However, there exist GT-type systems holomorphic at p i = p j .
We call integrable system (1.3) weakly nonlinear if the corresponding GT-type system is holomorphic at p i = p j . It is possible to check that if k = 0, then any 2-dimensional system describing travel wave solutions u = u(c 1 x + c 2 y + c 3 t, c 4 x + c 5 y + c 6 t) for weakly nonlinear 3-dimensional system (1.3) is a weakly nonlinear 2-dimensional system in the sense of [13] .
Example 5. Consider the following 3-dimensional system (see [6] ):
Here P is an arbitrary polynomial of degree three.
The corresponding GT-type system is given by
,
This GT-type system is polynomial in p i , p j and therefore the corresponding 3-dimensional system is weakly nonlinear. It is possible to verify that this GT-type system is equivalent to
It was mentioned in [6] that the system (3.23) possesses a hydrodynamic-type Lax representation depending on a spectral parameter. It turns out that this is a general property of 3-dimensional systems corresponding to GT-type systems of the form (1.10).
Proposition 3. Let F (p, u 1 , ..., u n ), G(p, u 1 , . .., u n ) be a solution of the functional equation (2.19) for a GT-type system (1.10). Then the corresponding 3-dimensional system admits the Lax representation
where ξ is a spectral parameter.
Generic case
Using our observation that the GT-type system from Example 5 is equivalent to (1.10) with rational functions g m , we generalize Example 5 to the case of arbitrary n and k.
Consider the (n + 1)-field GT-type system (1.10) with g m = M m /M, where M, M 1 , ..., M n+1 are generic polynomials of degree n. Suppose that M has pairwise distinct roots λ 0 , λ 1 , ..., λ n . Then up to equivalence the GT-type system can be written as
with fields denoted by u 1 , ..., u n , w.
Let H n be the linear space of functions in u 1 , ..., u n spanned by 1, e u 1 , ..., e un . For any function g = a 0 + a 1 e u 1 + ... + a n e un ∈ H n we put
For k ∈ N such that 0 < k < n − 1 we fix functions h 1 , ..., h k ∈ H n , where
un , and define
Proposition 4. Let g 1 , g 2 , g 3 be linearly independent elements of H n . Then for any 0 ≤ k < n − 1 the functions
satisfy the functional equation (2.19) for hydrodynamic reductions.
To find an explicit form of the corresponding 3-dimensional systems we note that
is an equation from the 3-dimensional system iff
If k = 0, then the corresponding 3-dimensional system reads as follows:
where i = 1, ..., n.
If k > 0, then the corresponding 3-dimensional system reads as follows:
where i = 1, ..., n − k + 1 and
where i = n − k + 2, ..., n. Here r, s = 1, 2, 3, t 3 = x and
un . Note that this equations are linearly dependent and the system is equivalent to a system with n + k linearly independent equations. Proposition 5. If k = 0, then the corresponding system (3.27) possesses the following n + 1 conservation laws of hydrodynamic type: 
Proposition 6. If k > 0, then the corresponding system possesses the following 3k conservation laws of hydrodynamic type:
where i = 1, ..., k, r, s = 1, 2, 3, t 3 = x and
Remark 2. It is likely that for k > 0 the corresponding 3-dimensional system possesses additional n + 1 conservation laws of hydrodynamic type.
Remark 3. Proposition 6 allows us to define functions z 1 , ..., z k such that
for all i = 1, ..., k and r = 0, 1, 3. See [10] or [11] for further discussion.
Degenerations
Our constructions of GT-type systems and functions S n,k are valid in the case of pairwise distinct roots λ 0 , ..., λ n . In this section we study degenerations of the GT-type systems described in Section 3.1.
Define polynomials P i (u 1 , u 2 , ...) as coefficients of the following Taylor expansion exp (εu 1 + ε 2 u 2 + ...) = 1 + P 1 ε + P 2 ε 2 + · · · .
In particular,
Denote the partial sums 1 +
Degeneration 1. This degeneration corresponds to the case λ 0 = λ 1 = ... = λ n . Consider the following (n + 1)-field GT-type system with fields u 1 , ..., u n , w:
For any vector (a 0 , a 1 , ..., a n ) define
Degeneration 2. This degeneration corresponds to the case λ 0 = λ 1 = ... = λ n . Consider the following (n + 1)-field GT-type system:
a i P i .
Combining these degenerations, one obtains the general case. Let λ 0 , ..., λ l be pairwise distinct roots of multiplicities n 0 +1, n 1 ..., n l correspondingly. Note that n 0 +...+n l = n. Consider the following (n + 1)-field system with fields u 0,1 , ..., u 0,n 0 , u 1,1 , ..., u 1,n 1 , ..., u l,1 , ..., u l,n l w: where (v 1 , ..., v n ) = (u 0,1 , ..., u 0,n 0 , u 1,1 , ..., u 1,n 1 , ..., u l,1 , ..., u l,n l ). Then Proposition 4 holds. The explicit form of the corresponding 3-dimensional systems can be calculated using the general recipe.
consider the simplest possible GT-type system of the form (1.10) and demonstrate that even in this case there exists a rich family of interesting integrable 3-dimensional systems associated with (1.10). The coefficients of these systems are quasi-polynomials. Note that slightly more complicated GT-type systems from Examples 3 and 4 require generalized hypergeometric functions for description of the corresponding 3-dimensional systems.
